Introduction
We study in the limit ǫ → 0 a system of N ≥ 3 particles in R 3 which satisfy the Schrödinger equation with hamiltonian
where the potentials scale as V ) and V i,j (x) are L 1 functions with compact support (this last condition can be be substituted by the condition of a sufficiently decay fast at infinity). The sum is in general over a subset of the indices. Notice that the L 1 (R 3 ) norm of the potentials does not depend on ǫ and the potentials converges weakly (in distributional sense) when ǫ → 0 to a delta distribution. Therefore in the limit ǫ → 0 the "potentials" are distributions supported by some of the contact hyper-planes Γ i,j ≡ {x i = x j } . We take the forces to be attractive. The scaling of the potential we introduce is different from the scaling V N (x) = N 3β V (N β (x) which is used in studying the fluctuation of N-particle quantum systems around the non linear Schrödinger equation (see e.g. e.g. [BCS] ) and also different from the scaling adopted in [A] to define point interactions. We will come back to this difference. We denote by Γ the union over the selected sets Γ i,j and we will denote "hamiltonian for contact interactions" or simply contact interaction the limit operator. The limit is described equivalently by boundary conditions at Γ . The equivalence can be seen by taking the scalar product with functions in the range of H 0 and integrating by parts. This step is crucial if one wants to see contact interactions as limits of interactions with smaller and smaller support. This is the same procedure which provides different realizations e.g. of the laplacian on (0, ∞) We will investigate resolvent convergence and spectral properties. . We consider also the case in which there are zero-energy resonances. With our scaling in the limit ǫ → 0 the potential is formally a distribution supported by some of the coincidence hyper-planes x i = x j . The limit hamiltonian is therefore a self-adjoint extension of the free hamiltonian defined on functions that have support away from the coincidence manyfold
Functions in the domain have a singularity
at Γ i,j for the given subset of indices (solutions of H 0 φ(x) = 0, x / ∈ Γ).. Condition of this type were assumed [B,P] by H.Bethe and R.Peirels in 1935 in their analysis of the proton-neutron interaction; later they were assumed for N = 3 by G. Skorniakov and K.Ter Martirosian [S,T] in their study of the three body problem in Nuclear Physics in the Faddaev formalism . For every N we shall call them Bethe-Peirels (B-P) boundary conditions . Notice the condition N ≥ 3. Contact interactions describe the short range interactions between pairs of particles (a particle may belong to two pairs). In the case N = 3 the bound states, if present, are three-body bound states (trimers in the Theoretical Physics literature); their wave function has support near the triple coincidence point. They may be infinite in number and then they are Efimov states. For N = 4 the negative point spectrum may have a contribution that correspond to a bound state of two pairs (quadrimer); their wave function have wider support. Also the quadrimers may be Efimov states.
Since in the limit the potential is a delta distribution, it is convenient to use an auxiliary Hilbert spacein which the potential is more regular. The auxiliary space is constructed with the aid of the positive operator H 0 + λ where λ > 0 is an arbitrary positive number. Remark that contact interactions are a special class of the extensions of the free hamiltonian H 0 restricted to functions with support away from Γ [P] . Since this operator is positive, the possible extension are classified by the theory of Birman, Krein, Visik [B] [K] [A,S] . This theory provides also information on the regularity of functions in the support of the extensions. To analyze the specific extension we consider (the only one that is limit of regular potentials) we use a quadratic-form version of this method [A,S] and introduce an auxiliary space. We call it Krein space and Krein map the (compact) embedding. The (compact) embedding into this space has the same role as the map from potential to charges in electrostatics and the auxiliary space is the counterpart of the space of charges.
Remark
The method does not apply to the case for N = 2 the reason being that in the center of mass frame the contact set reduces to a point and there is no room for a compact embedding. The approximating hamiltonians have no limit.
Still the equation of motion are well defined in the limit because the diverging term in the hamiltonian is a c number . The same problem is encountered in electrostatics: the potential due to a "point charge" is well defined, but in order to define charge at a point one must consider the distribution of charges over a sphere of radius ǫ and then let ǫ → 0. If the two-body hamiltonian has a zero energy resonance a different hamiltonian of "zero range interaction" was introduced in [A] ; the resulting system is called point interaction.
The limit hamiltonian is obtained by scaling the potential as V ǫ (|x|) = ǫ ) so that the L 2 norm does not depend on ǫ and in the limit the L 1 norm vanishes. It is proved in [A] that this Hamiltonian is self-adjoint. The difference in scaling is due to the fact that due to the zero energy resonance the difference of the resolvents (for the free and the interaction case) for the two-body problem becomes singular as ǫ − 3 2 and this implies a difference in scaling of the potential. The proof given in [A] requires the use of deep results in Functional Analysis because the missing factor in the scaling of the potential (a short distance modification) comes from the behavior of the wave function at large distances. This requires a detailed analysis of the low energy singularities in the Birman-Schwinger formula for the difference of two resolvents. Notice that for N ≥ 3 the presence of a zero energy resonance in the two-body potential does not lead to singularities in the Birman-Schwinget formula and the Krein map is well defined. We shall comment in the Appendix on a possible relation between contact and point interactions. 
2
Analysis in the auxiliary space
The Krein map (compact embedding) is achieved acting with (H 0 + λ) − 1 2 . The Krein space could be called, in analogy with electrostatics, space of charges and the Krein map can be compared with the map from potentials to boundary charges in electrostatics (notice that the operator that induces the map is a first order differential operator). The embedding has the advantage that the boundary potentials are now less singular (they are L 1 functions) and convergence when ǫ → 0 is easier to prove.
If zero-energy resonances are present the condition λ > 0 is required for compact embedding . At the end we shall undo the Krein map, so that the actual value of the positive parameter λ is irrelevant.
For the sake of simplicity we shall occasionally set λ = 0 in our formulae so that the the kernels of the two forms become homogeneous of order −1 in the coordinates. This helps greatly in keeping the formulae simpler and does not alter the short distance behavior.
In Krein space the potentials are L 1 functions and the presence of a zero energy resonance does not alter the domain. We can consider therefore in Krein space also the case in which there are zero energy resonance obtained e.g. by monitoring magnetic fields (Fesbach resonances) .
Recall that a zero energy resonance in a two-body system with a potential invariant under rotation is defined, in relative coordinates, as a rotational invariant solution φ(x) of ∆φ(x) = 0, x = 0 . One has therefore φ(x) = a |x| + b, a, b ∈ R. We require b = 0 ; in this case 4πa represents the scattering length which is by definition
One has then
We denote K M the operator in Krein space which is image of the hamiltonian. The operator K M has been used by Minlos [M 1 ] [M 2 ] in his analysis of contact interactions for N = 3. In Krein space the kinetic energy is represented by the operator √ H 0 + λ and the (negative) interaction potential is an L 1 (R 3 ) function which is the limit of functions that represent tin Krein space the potentials V ǫ . This makes rather easy in Krein space the proof of resolvent convergence when ǫ → 0. In this space one has a Birman-Schwinger formula for the difference of resolvents. The image of the Hamiltonian in Krein space the difference of two unbounded positive selfadjoint operators associated respectively to the kinetic energy and to the potential. Depending on the masses and the strength of the potential the resulting operator may be self-adjoint ( "regular" case) or only symmetric (singular case) . In the singular one has in Krein space a family of self-adjoint operators (not a direct sum) We will see that this is an instance of the Weyl limit-circle case. One has now to "come back" to "physical space". In the regular case the proof of convergence in physical space is done by using the compactness of the map and the fact that weakly closed positive quadratic forms are strongly closed. In the singular case we decompose first the quadratic form using the symmetry under rotations and then make use of Γ− convergence [Dal] on the resulting forms (that are locally strictly convex). In both cases in each sector one ends up with a unique self-adjoint operator in each channel. In the singular case the resulting operator in physical space has a negative point spectrum; it may consists of infinitely many points, accumulating geometrically at zero. This "Efimov effect" is not related the the effect with the same name which occurs for regular potentials with zero-energy resonances. In the present case the effect is independent of the presence of zero energy resonances. The spectrum of the N-body system with contact interactions depends on the masses and on the statistics. We will prove that the (negative) point spectrum is completely determined by the three-and four-particles sub-sectors. We stress that both in the regular and in the singular case the self-adjoint operator that represents the contact interaction is the limit, in strong resolvent sense, as ǫ → 0, of the sequence of operators
We describe at length the cases N = 3 and N = 4 and more briefly the generic N case. We analyze in detail two cases: 1) a pair of identical scalar fermions of unit mass interacting with a third particle of unit mass.
2) a pair of identical spin 1 2 fermions in contact interaction . In both cases the hamiltonian is positive. In the second case contact interaction takes place between electrons with opposite spins (Cooper pairs). There is an easy generalization to the case of N pairs of spin 1 2 fermions (unitary gas)
Boundary conditions
In the classical case constrained systems are defined by restricting the configuration . This is often attributed to the action of very strong constraining forces (perpendicular to the constraint manyfold if the constraints are perfect). In Quantum Mechanics contact interactions can be defined by imposing boundary conditions at the coincidence manyfold Γ i.e. selecting a self-adjoint extension of the restriction of H F to functions supported away from the coincidence manyfold Γ .
where the union is taken over indices that correspond to constraints. We work in the reference frame in which the barycenter is at rest and therefore in L 2 (R 3(N −1) ) (the physical space) .
The boundary conditions correspond formally to potentials v i,j that are distributions supported by the boundary. They are expressed by the requirement that at the boundary functions in the domain have at most the singularity
where the constants C i,j characterize the boundary conditions.
We shall prove that the hamiltonian for contact interactions is limit in strong resolvent sense of hamiltonians with regular two-body potentials The advantage in using contact interactions is of a simpler mathematical formulation and independence of the detailed form of the approximation potentials. .
We shall prove that if no further interactions are introduced, for contact interactions the negative part of the spectrum of the hamiltonian of the N body system is completely determined by the spectral properties of the three-and four-body subsystems.
Notice that for smooth potentials it is well known that pairs of zero energy resonances contribute additively to the resolvent of the operator ( a consequence of the Birman-Schwinger formula for the difference of two resolvents) . This property holds also for contact interactions.
Remark 1
The difference between resonant and non resonant contact interaction is seen when there are bound states in the three and four body channels. 
Remark 2
The Krein map depends on N and on the masses of the particles (the "potential" is essentially a convolution of the potential at the boundary in physical space with a Green' s function) . Therefore in Krein space the boundary conditions depend on the position, masses and symmetries of all the particles. They are given now as
where Y represents the other differences of variables and A ≡ {a i,j } , B ≡ {b i,j } are suitable functions at the boundary. The functions a i,j (Y ) and b i,j (Y ) depend on the masses of all the particles. There are choices of the masses for which the matrix A ≡ a i,j (Y ) is singular (in some cases as singular as
Notice that these singular boundary conditions occur in Krein space; in physical space the boundary conditions are the usual ones.
We will call homogenous the boundary conditions if the matrix B ≡ {b i,i } is absent. The case B = 0 corresponds, in both the classical and the quantum settings, to the presence of magnetic forces at the boundary. In what follows we consider exclusively the homogeneous case. It corresponds in the classical setting to requiring that the constraints are perfect (the constraining forces are perpendicular the to the manyfold). 
Remark 3
A stronger modification of the hamiltonian occurs if some of the elements a i,j has a singularity 1 |x i −y k | so that the function at the boundary has singularity
for different values of the indices.
In [M,F] the authors consider this case for N = 3 . It describes in physical space three particles in simultaneous contact interaction. Also in this case there is a family of dynamics (self-adjoint extensions). Each self-adjoint extension is unbounded below in physical space and has infinitely many eigenvalues µ i , i ∈ Z. which diverge geometrically to −∞.
These extensions cannot be recovered as limit of hamiltonians with smooth potential V 
The cases N=3 and N=4
. N = 3 For three particles we will consider only the case in which a particle is in contact interaction with the other two while these two particles do not interact .
For the sake of simplicity we consider the case in which there are enough symmetries, e.g. the two non interacting particles are either a pair of identical fermions or a pair of identical bosons. In this case the the quadratic form has kernel in R 3 . . We restrict first our attention to the case in which two of the particles are identical fermions of mass 1 and the different particle has mass m. We shall later treat briefly the case of two identical bosons. We shall prove that in Krein space the quadratic form is the sum of a positive quadratic form K 0 (image of the kinetic energy) and of a form that in configuration space has kernel K 1 . The kernel K 1 is the sum of −
with C j (m) > 0 ( x j are the coordinates of the fermions and x 0 is the coordinate of the third particle) and of a positive bounded kernel which vanishes for x i = x 0 . The constant C j (m) depends on the mass of the particle and on the symmetries of the system. There is a constantC > 0 such that if C j ≥ C the operator associated to the form
It is in the Weyl limit-circle case and has a one-paramter family of self-adjoint extensions. Each member of the family has negative pure point spectrum; for some values of the parameters the spectrum may extend to −∞ geometrically scaled. There is a member of the family that has the lowest spectrum; the corresponding eigenfunctions have a 1 |x| α(m) behavior at the singular point (α is such that the function is in Krein space) . The same holds true for the operator associated to the form K 0 + K 1 . Recall that this statements hold true in Krein space N = 4 For four particles the "kinetic part" depends in Krein space on all four masses. There are two types of contributions to the potential part corresponding to the following configurations a) one particle does not interact, and we are back to the case of three particles.
b) there is an interaction between two pairs particles
For generic values of the masses and generic symmetry the quadratic form may have a complicated structure. In the case of two identical spin 1 2 particles we can take advantage of the symmetries; will prove that the kernel of the "potential part" of the quadratic form in Krein space when written in configuration space is the sum of a form that represents the operator of − C 2 |y 1 −y 2 | and a locally bounded positive quadratic form and with kernel that vanishes for y 1 = y 2 . Here y k , k = 1, 2 are the coordinates of two particles of opposite spin and the coefficient C 2 > 0 depends on the masses. Notice that this singularity in the quadratic form is not the image in Krein space of delta potential at coincidence points. It is rather a secondary effect due to the contact interaction between pairs. Consequently the four-body bound states (in Krein space and then in physical space) have eigenfuctions with large support and correspond to interaction between barycenters. Also in this case if the coefficient C 2 is large enough we are in the Weyl limit case the form corresponds to a family of self-adjoint operators each with negative spectrum . For each angular momentum sector there is a distinguished extension which has the lowest spectrum. If C 2 is still lager the (negative) pure point may extend geometrically to −∞ ; it produces in physical space an Efimov effect. . This leads to a natural analogy. Recall that in Krein space each pair of particles in contact is represented by a "charge distribution" . The singular potential term can be regarded as a Coulomb potential which represents the interaction between the two charge distributions. It has therefore the same structure of the term described in the case of three particles but the singularity is on a different manifold in configuration space. The final result for the four body case in Krein space is the sum of the "kinetic energy" , a positive form locally bounded and two (negative) contributions which have a Coulomb-like singularity in different points in configuration space. As in the three particle case whether in Krein space there is a unique self-adjoint extension or families of self-adjoint extension depends on the relative weight of the positive(kinetic energy) and negative (boundary potentials) parts of the quadratic form.
We are therefore , both in case of three particles and in the case of four particles, reduced in Krein space to the analysis of a symmetric operator that differs from the sum of √ H 0 + λ with a negative "Coulomb potential" by a bounded positive quadratic form with kernel that vanishes on the diagonal. This sum has been studied in much detail [lY] [D,R] in the context of the relativistic hydrogen atom. We shall make use of their findings. The problem can be analyzed separately in the angular momentum sectors and the limit cycle property is not affected by the addition of the positive regular part.
Using the results of [lY] and especially of [D,R] we shall prove that, depending on the value of the masses and the symmetries, the quadratic form we are studying, both for three and four particles, either is the quadratic form of a self-addiont operator or it represents (in Krein space) the quadratic forms of a family of self-adjoint operators with negative non degenerate point spectra. For some value of the masses the negative part of the spectrum (in Krein space) extends geometrically to −∞. The resulting form has the same structure for N = 3 and N = 4 but the (Coulomb) singularities are in different variables and produce separate Weyl limit-circle effects. We stress again that the Coulomb singularities between pairs of particles in contact are found in Krein space are not image of further contact interactions and the wave functions in physical space are not supported near the near a quadruple coincidence point.
Results in physical space
The analysis we have done so far is of the system in Krein space. In order to have the description in "physical space" one must invert the Krein map. In Krein space the forms associated toH 0 + V ǫ converge strongly when ǫ → 0 to the form associated to the contact interaction. Compactness of the Krein map implies weak convergence in physical space. If the limit form is positive and closed (the regular case) weak convergence implies strong convergence in physical space on the domain of the limit operator and then strong resolvent convergence. The domain of the resulting self-adjoint operator is obtained (by duality) acting with the Krein map on the domain of the operator in Krein space. The structure of the Krein map implies that in this "regular case" the functions in the domain of the limit operator in physical space satisfy the B-P boundary conditions. In the singular case the limit form is not closed. It corresponds to a family of self-adjoint operators but not to a direct sum. In this case the convergence of the hamiltonians in physical space is obtained by Γ−convergence [Dal] . Due to rotation invariance one can consider separately the sectors of fixed angular momentum. By duality the inversion is obtained by applying the Krein map to the domain of the family of self-adjoint extensions. It is easy to verify that in each angular momentum sector the quadratic form in physical space is locally strictly convex and satisfies the conditions for Γ−convergence (essentially lower semicontinuity). Recall that the Γ-limit is the unique form F such that for any sequence the following holds
Therefore in the singular case, for N = 3 and N = 4 and any choice of the masses there is in physical space a distinguished extension (the Γ−limit) obtained by Γ-convergence. Since the Krein map preserves order, the Γ−limit coincides with the lift to physical space of the self-adjoint extension (in Krein space) that has eigenfunctions which have power-law singularity.
One can at this point set to zero the arbitrary parameter λ since in the limit λ → 0 there are no infrared divergences (due to convolution with the Green's function). This extension has bound states; their number depends on the masses.
For quadratic forms which are bounded below Γ-convergence implies strong resolvent of the associated operators [Dal] . 
Remark 2
The approach of
for the case of three particle follows essentially the lines described here . The choice of the auxiliary space (and therefore of the Krein map) is not stated explicitly but can be inferred by the fact the image of H M + λ is its square root.
The analysis is done in Fourier space and the behavior at the coincidence hyper-planes (which is easy to describe in configuration space) is imposed as specific bounds "at infinity" on an integral in Fourier space. For the case in which the form is not positive a one-paramter family of self-adjoint extensions in Krein space is found but since the analysis is done in momentum space the relation with Weyl's limit circle case is not recognized.
In [M 1 ] the multiplicity of extensions is related to the multiplicity of solutions of the algebraic equation that expresses the condition under which an operator is self-adjoint . The inverse power law behavior at triple coincidence points of the wave functions of the bound states in Krein space is correctly stated in [M 1 ]but is origin is not discussed. 
N-body sistems
We have considered so far the cases N = 3 and N = 4. We will see that for the general N-body problem the negative part of the spectrum is pure point and its structure can be reduced to these two cases, N = 3 and N = 4. We shall indeed prove that in the N body case the negative part of the spectrum of each one of the extensions is contained in the algebraic union of the point spectra of its three-and four-particle subsystems. This may be seen as a consequence of the fact that in Krein space the "kinetic part" is a first order differential operator and it has zero newtonian capacity. Since this holds for any four-body subsystem its contribution is independent of the presence of any other particle.
In particular a system composed of N spin 1 2 fermions is stable (its spectrum is the positive real axis). If something is known about the commutator of the operators associated to these subsystems, more can be said about the spectrum. Indeed in physical space the potentials are supported by the coincidence hyper-planes and a four-fold coincidence sets gives no contribution. In a four particle system there is a new contribution that can be seen in Krein space as due to a first order differential operator describing a closed system ( two pairs of particles interacting through a potential field).
In Krein space the potential on each pair has a tail 1 |x 1 −x 2 | and the overlap of two tails is sufficient to bind the two pairs. This effect is not altered by the presence of a fifth particle. Since these are the only potential which act on an isolated four-body system one has Proposition For contact interactions of N bodies the negative point spectrum (both in Kein space and on physical space) is completely determined by the three-and four -body subsystems Graphically one can describe this by saying that the contact interaction among N particles can be visualized by a diagram in which there is a link between two points if there is contact interaction between them. The diagram is made of V shaped components, corresponding to the configurations in which one body is in contact interaction with two other bodies, and an H shaped components representing Coulomb interaction between two pairs each in mutual contact interaction.
Something more can be said if one has information on the commutation properties of the operators associated to the components. For example in the case of contact interaction of a system composed of a particle of mass m and N identical scalar fermions of mass one, since there is no contact interaction between the fermions, the system decouples in subsystems of three particle with no interaction with the remaining particles. [M,S] Another favorable case is the one in which all subsystems are stable. This is the case for a system of N pairs of spin 1 2 identical fermions (unitary gas); in fact we have proved that in this case all three and four particles subsystems are stable. In the previous section we indicated that the negative part is contained in the union the negative spectra of its three-and four particle compnents. The quadratic form is positive for a system of two pairs of spin 1 2 . It follows that the quadratic form of a system of an arbitrary number of pairs of 1 2 equal mass fermions is positive. In the Theoretical physics literature this system is called unitary gas. Therefore that the unitary gas is stable.
Remark 1
From the analysis above it follows that there can be a three or four particle Efimov effect but there is no five body Efimov effect. If there are other interactions this last statement must be taken with care. For example one may have an Efimov effect [Pe] for a system of four fermions and a light particle. This can be seen as follows: two pairs of fermions are bound due to other short range forces and the two resulting bosons interact with the other particle through a contact interaction. 
Remark 2
For regular potentials pairs of resonances contribute additively to the resolvent. Due to strong convergence this is true also for resonant contact interactions. Therefore also in the resonant case the negative part of the spectrum of the self-adjoint operators describing the system is completely determined by the two-three and four-body subsystems. 
Other systems
The Krein map can be used in other problems. A model example is the one dimensional Salpeter (semi-relativistic Schrödinger) equation [S,B] with an interaction localized at the origin i.e. defined by boundary conditions at the origin. . For N = 2 the model is analyzed in [A,K] as "point perturbation" of a pseudo-differential operator. It is discussed in some detail in [A,F,R] and in [K,R] from a more formal point of view. An attempt to see this interaction as due to a renormalized δ has been done in [E,T] . In [A,K] it is proved that the symmetric operator √ −∆ + 1 , defined on smooth functions with compact support away from the origin, has deficiency indices (1, 1) and therefore admits a one parameter family of self-adjoimt extensions. The Authors give explicitly the deficiency subspaces (and also the scattering structure). There is one family of self-djoint extensions; the "boundary conditions" at the origin are now
For generic values of N one can perform the analysis of the N-body problem of the Salpeter model with contact interaction following the scheme we used for the Schrödinger case. The boundary behavior is more regular but now the differential operator is of first order. The Krein map is given now by the operator (H + λ)
It has as usual the effect of smoothing the distributional "potential" at coincidence hyperplanes but at the same time it lowers the differential structure of the positive part which is now a (pseudo)-differential operator of order 1 2 . In Krein space the quadratic form is now
where the operator Ξ the convolution of (H 0 + λ) − 1 2 with the delta distributions at the coincidence hyper-planes. Depending on the choice of the masses this quadratic form is positive or it has logarithmic singularites. In the latter case the form is not closed and the symmetric operator can be decomposed in a family of self-adjoint operators with simple negative point spectrum. Also here on goes back to physical space undoing the Krein map. This is done, as in three dimensions, by compactness on the positive part of the spectrum and by Γ−convergence for the singular part. Since the form is bounded below, the Efimov effect does not occur
Details for the three body case
We shall first treat in detail the case of two spinless fermions of mass one in contact interaction with a third particle of mass m. We shall then briefly consider the case in which the two identical particles are bosons.
In this section we survey and generalize known results [Pa] 
This references use H M as a reference operator (i.e. we are in the no zero energy resonance case) . In the next section we provide a simple model in Krein space that has the same multiplicity of self-adjoint extensions with the same mass thresholds This model has been studied in the past [lJ] [D] ; it is related to the relativistic Coulomb problem. Remark that, due to the antisymmetry of the wave function under permutation of the coordinates of the fermions, one can consider only a single boundary potential.
] the Author follows ,at least implicitly, the approach to self-adjoint extensions that we have called Krein map. It is proved that the system is described in Krein space by a symmetric operatorQ sum of two operatorsQ i , i = 1, 2 .Q
The quadratic forms Q 1 and Q 2 of the symmetric operators are given (explicitly in [Pa] and implicitly in M 1 , M 2 ). Taking into account the antisymmetry requirement in [M 1 ] one is reduced to study in Krein space the forms (for λ = 0)
and Q 2 with kernel
These are precisely the quadratic forms in Krein space that correspond respectively the kinetic energy and the contact interaction.
While the forms Q 1 and Q 2 define uniquely self-adjoint operatorsQ 1 andQ 2 , the operatorQ associated to Q is a priori only symmetric (it is the form sum ). One verifies that the operatorQ 1 ,Q 2 are invariant under rotations and therefore can be analyzed separately in each angular momentum sector (and therefore the same is true for their sum). The mass m of the third particle is the only parameter .
Recall that this analysis is done in Krein space. If m ≤ m * * l the form Q l ceases to be positive . While the two parts correspond to a self-adjoint operator their sum is the quadratic form of an operator that is symmetric but not self-adjoint . The quadratic form is no longer closed. It is at this point that one sees the advantage of working with quadratic forms. We shall prove that the symmetric operator associated to the form can be "disintegrated" into a family of self-adjoint operators with negative point spectrum. The the bound state(s) have eigenfunctions that differ only by scale. These three-body bound states are supported near the origin (in the center of mass system).
For each extension the space of bound states is one-dimensional for m * l < m ≤ m * * l and infinite dimensional for 0 < m ≤ m * l . In this case the energy of the bound states accumulates (geometrically) at minus infinity (Thomas effect). Recall that the statement about the Thomas effect is made in Krein space. To come back to the "physical space" L 2 (R 6) ) one must undo the Krein map. This is not stressed in [M 1 ], [M 2 ]. In particular in the singular case the use of weak sequential convergence is not mentioned The map back to physical space changes the topology and now the eigenvalues of the threebody bound states accumulate at zero and the support of the eigenvectors increases as the eigenvalues converges to 0 .
The presence of infinitely many extensions was noticed first by Danilov [Da] (see also [Pa] ). In these references there is no explicit mention that these extension are defined is a space of singular functions (in our case the Krein map is a change in metric from L 2 to H . This hamiltonian has been thoroughly investigated [D,R] , [lY] . In this model the plurality of extensions for m ≤ m * * l is clearly seen as a Weyl limit-circle effect.
Estimates in configuration space
Since one must compare the form associated to the potential with √ H 0 and since for N ≥ 3 the diagonal form is not available, it is convenient to write the "potential term" in a form convenient to an analysis in configuration space. This will help also in a better understanding of the nature of the spectrum. One has then − 1 + m m
where Ξ is a positive kernel with Ξ(p, p, 0) = 0 Therefore in Krein space the operator is
whereΞ is a positive operator with smooth kernel. In the case of the fermions one must first anti-symmetrize the potential form and then write the kernel as function of the variable p − q and p + q. The resulting symmetric operator is
where Ξ ′ is a positive operator with locally bonded kernel vanishing on the diagonal. Notice the the coefficient of the second term diverges as m → 0 both for fermions and for bosons. It follows that the form in Krein space should be compared with the quadratic form of the symmetric operator
where C(m) is a positive function of the parameter m, This function is different in the bosonic and in the fermionic case but in both cases increases monotonically to +∞ as m → 0. Symmetric operators of the form
have been studied extensively ([lJ] [B,R] ) as a function of C(m), originally in the context of the non relativistic hydrogen atom. We denote them by H R (relativistic Coulomb atom). For these operators there are threshold values C * , C * * such that for C > C * * the spectrum is absolutely continuous and positive. For C * < C ≤ C * * there is a continuous family of self-adjoint extensions, each with a negative eigenvalue, and for =< C ≤ C * the negative spectrum is pure point and accumulates geometrically to −∞ (a Weyl limit circle effect) . In the latter case the eigenfunctions concentrate at the origin (eigenvalues and eigenfunctions are known explicitly) These results can be transcribed in function of the mass m of the third particle and lead to different mass intervals in the bosonic case and in the fermionic one. In particular denoting by m * l , m * * l the mass thresholds in the fermionic case one has 1 > m * * l for every l whereas in the bosonic case one has 1 < m *
Since the eigenfunctions are known it is possible to show that the operatorsΞ ′ andΞ are small on the eigenvectors of the self-adjoint operators associated to
. In the case m < M * * one can use rearrangement inequalities and regular perturbation theory with convergent series to prove that also for the complete forms the same multiplicity of selfadjoint extensions occurs with the same thresholds holds. This approach has the merit to point out the role of the limit circle property and does not rely on an explicit diagonalization, which is not known for N > 3.
Two identical boson and a third particle
We now consider briefly the case of two identical bosons of mass 1 and a third particle of mass m.
In the case of two identical boson in Krein space the part of the energy form that comes form the boundary conditions is
Now the quadratic form is the sum of a positive form Ξ ′′ and of
where C b (m) > C f (m) (b for bosons). Again one can introduce a "relativistic atom" comparison hamiltonian. It is convenient here to notice that both the given form and the relativistic atom operator are invariant under rotations and can be decomposed in angular momentum states. Notice that the expectation value of √ −∆ depends on the angular momentum of the state. One can again derive the properties of the spectrum from those of the spectrum of Again this result is also true for the complete form. Therefore for two identical bosons of mass 1 which do not interact among themselves and are in contact interaction with a particle of the same mass 1, in the zero angular momentum sector there are infinitely many extensions. In Krein space their negative spectrum is pure point and not degenerate and is unbounded below with asymptotically a geometric rate. There is no interaction in the l = 1 channel. The quadratic form is positive for l ≥ 2. One must now recall that this analysis is done in Krein space, and to draw conclusions relevant for physics one must come back to physical space inverting the Krein map. In our case the Krein map is a change in metric from L 2 to H − 1 2 . We consider first the case in which the form in Krein space is positive. Since the map preserves positivity, the image in physical space is positive. In Krein space the form was strongly closed. By compactness of the Krein map, inverting the map one obtains a form that is weakly closed. But the form is positive and weakly closed and therefore it is also strongly closed. It determines therefore a positive self-adjoint operator in the physical space L 2 (R 6 ) in the center of mass frame); this is the extension we are looking for. Consider now the case in which there is in Krein space a family of self-adjoint operators each of which has a continuous positive spectrum and one or more isolated negative bound states. The positive part of the spectrum leads as before to a positive self-adjoint operator. As for the point spectrum, since the family of self-adjoint operators in Krein space does not a direct sum decomposition the inversion cannot be achieved by acting with the Krein map on each eigenfunction. One must rely on Γ-convergence (after decomposition in sectors of given angular momentum the quadratic form in physical space are locally convex and bounded below). The (sequential) limit is the lowest of the family of forms. The sequence of negative eigenvalues that diverges geometrically to −∞ is turned in a sequence that converge geometrically at zero (Efimov effect).
Remark
It is worth remarking that an operator closely related to H R is introduced in papers of Theoretical Physics to describe the three body problem with contact interactions by means of homogeneous coordinates and imposing B-P boundary conditions . If the masses are such that one has a multiplicity of extensions (multiplicity of solutions of the Faddeev equations) [P] the singularity of the wave function of the bound states is apparently found by a self-consistency analysis. Notice that the estimate cannot be obtained by a perturbative analysis. Passing through Krein space plays in this case the role of the self-consistecy analysis.
...............
Details for the case of four particles
The inequality
(defined as symmetric operator on functions that are supported away from the coincidence hyper-planes) implies that each interaction term is mollified more and the kinetic contribution is larger. We cannot use the estimates for the three-body case because there are more (negative) potentials. Again in order to study this system we introduce an auxiliary space, this time by means of the operator (H M + λ) − 1 2 for the four particle systems. In this space there are contributions to the quadratic form from the contact terms of each of the three-particle subsystems, slightly modified in Krein space due to the presence of the fourth particle. This modification is due to the Krein map (which depends on all four momenta) and disappears if we undo the Krein map. Therefore in Krein space the contribution from three body subspaces is analyzed by reducing it to the operator H R .
We assume here again that there are enough symmetries so that the kernel of the quadratic form is a function of two variables. In the general case the analysis becomes more involved but in any case the kernel of the quadratic form is a sum of kernels each with singularities described below.
As already remarked, there is a further contribution to the kernel of the quadratic form, due to the interaction between the charge distribution that represent the contact interaction between distinct pairs of particles. Proceeding as in the case N = 3 , one can verify that this term is the sum of a positive form (kinetic energy) and a form that in position space has kernel which differs for a positive smooth quadratic form from the quadratic form of the operator
where C 2 < 0 depends on the masses and y k , k = 1, 2 are (common) coordinates of pairs of particles in contact. The singularity in configuration space are the same type as the one from a three-body subspace but in different position in configuration space ; the two contributions can be treated separately.
For a range of masses the sum of the "potential part" and the "kinetic energy" part gives a closed quadratic form; upon inversion of the Krein map the form is only weakly closed but since it is positive strong closure follows. For the complementary range the form is no longer positive and its negative part leads to a family of self-adjoint extensions with negative point spectrum.
For the positive part of the form the inversion of the Krein map provides again a closed positive form and therefore a self-adjoint operator in physical space. For the negative part, the inversion of the Krein map is done by Γ−convergence. We have already pointed out that this extension is the limit in strong resolvent sense of the hamiltonian H 0 + V ǫ when ǫ → 0.
Two pair of identical fermions
We give now a more detailed analysis of the case of two pairs of identical spin 1 2
fermions. There are four resonances but due to symmetry one has two terms : a term C 1 due the conspiracy of two zero-energy resonances in the subsystem of three particles and a term C 2 due to the interaction of two separate resonances. of the same mass a computer estimate [MP] indicates that the resulting quadratic form is positive. We will now show that this is indeed the case and moreover we will prove that the same is true for an arbitrary number of identical spin 1 2 fermions. Consider the system of four spin 1 2 fermions interacting via contact interactions.. All particles have the same mass so that for each three body subsystems the hamiltonian that describes their contact interaction is positive. The analysis can be easily extended to the case of two pairs of spin fermions will describe the unitary gas.
The quadratic form of the full operator is in Krein space the sum a term which represents the kinetic form for four particles minus the forms associated in Krein space to potentials that have a 1 |y| singularity but in two different variables. This form in Krein space can more easily be expressed in Fourier transform (R.Minlos , private communication) but this choice obscures the singularities in configuration space (as was the case for N = 3).
Setting λ = 0 the quadratic form is a sum of three terms
C 0 originates from the lift to Krein space of the kinetic energy, C 1 originates from the pair of two-body contact interaction between two pairs of particle and C 2 originates from the contact interaction of a triplet of particles (in presence of the fourth one).
We notice the following properties 1) C 1 is zero on functions that are antisymmetric under interchange of the two arguments. On these functions C 0 + C 2 is the integral with some positive weight of forms of the same type as encountered in the three-body case. Therefore it is positive if the masses are equal.
2) On functions that are symmetric under interchange C 2 is positive and larger that half of the absolute value of C 1 .
3)
On the other hand on these functions C 0 + 1 2 C 1 is positive since it is the integral with a positive weight of kernels that were analyzed in the case N = 3 and proved to be positive. Therefore C 0 + C 1 + C 2 is the kernel of a positive operator. This proves that the operator is positive in Krein space. Since the Krein map is positivity preserving we have proved
Proposition
The operator associated to a system two pairs of identical spin 1 2 particles interacting through contact interactions is a positive self-adjoint operator in physical space.
.............. One can verify that the requirement that the two pairs are identical is not needed because the ground state is in any case symmetric.
Remark
We have done our analysis for the non resonant case. But it is easy to see that the resonant case leads to the same results a part from details about the shape of the wave functions and the eigenvalues in the tail of the spectrum in the 
Birman-Schwinger formula for contact interactons
In quantum mechanics the Birman-Schwinger formula for the difference of two resolvent families is used to transform a relation between unbounded operators into a relation between two families of bounded operators; it is mostly used to study convergence. For regular two-body potentials if we set H ǫ = H F + V ǫ the Krein map K λ is defined by duality on quadratic forms by
where V ǫ is the quadratic form of the potential term . For smooth potentials the Birman-Schwinger formula for the difference of two resolvent families is
where W λ,ǫ is the Birman-Schwinger kernel and H ǫ is the total hamiltonian . For contact interactions elements ψ in the domain of H λ can be written as ψ = φ + ξ where φ is an element the form domain of H 0 and ξ square integrable but more singular . Under this decomposition one has
and the quadratic form of H can be written [A,S] as
where Φ 0 is the quadratic form of H 0 where Ξ is a bilinear form in the boundary space. For N ≥ 3 the Birman-Schwinger kernel for the approximating hamiltonian converges in the limit ǫ → 0 (there are no three-body resonances) . We can therefore study the resolvent before the limit ǫ → 0 and at this limit by lifting them to a larger Hilbert-Sobolev space (the Krein space) where the "boundary potentials" have a finite L 1 norm . In this space it is easy to verify point-wise convergence of the potentials almost everywhere and then L 1 convergence. Also the Birman-Schwinger operators converge. In the regular case the convergence is uniform off the real axis. In the singular case convergence occurs away from the real axis and from the negative spectrum of the limit (unique) self-adjoint extension. Using the Krein map the Birman-Schwinger formula can be written
where W λ = lim ǫ→0 W λ,ǫ exists in distributional sense due to the smoothing properties of K λ .
Remark
For contact interactions there is a natural relation between the kernel of the Birman-Schwinger kernel and the quadratic form that characterizes the extension.
To see this, notice that the domain is the sum of a part that belongs to the domain of the free laplacian and a more singular part (it correspond in electrostatics to the contribution of the charges. The relation is shown by writing in two different ways the energy form.
Choose λ in such a way that H λ = H + λI is invertible Introducing the Birman-Schwinger kernel W λ defined by
by (27) one has
This relation should be compared with (25)
Unitary gas, BEC and BCS
We have already noticed the similarity between the scaling of the potential we use with parameter ǫ with the scaling V N (x) = N 3β V (N β (x)) which is used in the study of the fluctuations of N-particle quantum systems, for N very large, around the non linear Schrödinger equation (see e.g. [B,C,S] ) . Here β is a parameter which can vary between zero and one (from the mean filed regime to the Gross-Pitaewskii regime); the correspondence is ǫ ↔ 1 N β for β > 0. Our results are for fixed values of N ; this number may be very large. In Quantum Mechanics when a parameter takes very large (or small) values, one often has a simpler description when the parameter takes the limit value. For interactions of very short range it is natural to use the range ǫ as a small paramter. For a system with al large number N of particles it is natural to regard 1 N as a small parameter. When considering a gas of very many particles interacting through force of very small range it is instead natural to consider as small parameters both the range of the interaction and some power of the number of particles. If only one parameter is used one can consider several cases according to the ratio of the two small paramters. This allows to use both techniques related to the Schrödinger equation for a many body system with regular potential (of very small but finite range) and Fock space techniques [B,C,S] . On the other hand our choice, i.e to consider first the limit when the support of the potential goes to zero (contact interactions) and then the limit of very large N has some other advantages. It permits to prove that the only bound states present for any value of N are three-and four-body bound states (if there are no other interactions). They may be infinite in number (Efimov effect) but their binding energy is bounded uniformly. Therefore the lower bound of spectrum of the hamiltonian of the N-body system with (attractive) contact interactions is at most −kN for some k that depends on the masses. This is perhaps the reason why in the analysis of N body systems for N → ∞ and range N β ǫ with attractive potentials the potential term is multiplied with an extra factor 1 N (see e.g. [B,C,S] ).
The explanation usually given is that this factor is needed to give equal weight to the kinetic and the potential term. But in doing so one neglects the landscape of the bound states (which are due to the dominance of the attraction with respect the kinetic energy).
Returning to contact interactions we analyze now the equations for a gas of identical particles with interaction of very short range by taking first the limit of vanishing range and then the limit N → ∞. We have stated that the hamiltonian of contact interactions cannot be defined for a system of two isolated particles due to an ultraviolet diverge. Since the diverging term is a c-number the Schrödinger equation for a system of two particles with point interaction is well defined. For N ≥ 3 both the hamiltonian and the equation is well defined. Consider a system of N particles of mass m which interact through a contact interactions and restrict attention to the configurations in which two of the particles are so far away from the others that the presence of the other particles does not effect much their mutual interaction. This is the case for a very diluted gas. Notice that the equations for contact interaction (not the hamiltonian) is defined also for two isolated particles. If we assume that the probability of interaction of one of the particles with the other one is proportional to the probability that the second particle be there, contact interaction leads in physical space to the non linear equations for the wave function of the two particles
where C is a coupling constant. These are the equations of two particles in contact interaction. Since point interactions are strong resolvent limit of interactions through short range potentials when the range goes to zero, and we are neglecting the influence of the particles which are far away, the solutions of these effective equations are strong limits, as ǫ → 0 of the solutions of the equation for the system of the two selected particles under the compatible assumption on the initial data. Setting |φ 1 (x)| 2 = |φ 2 (x)| 2 one can regard these equations as effective equations for a gas of particles identically distributed if the gas is very diluted and the interaction is of very small range so small that one can omit configurations in which more than two particles interact. The resulting equation for each particle in the pair is
Notice that one can make use of the compactness of the embedding and standard technology (Γ-convergence) also in the non-linar cases to transfer the results from the Krein space to the physical space. This is particularly relevant if one wants to describe a system of N identical bosons in the limit N → ∞ through a non-linear (cubic ) Schrödinger equation. This description holds also for a gas of spin 1 2
particles.
The equation is meant to describe the dynamics of the one-particle marginals for a gas of identical particles if the gas is very diluted and the range of the interaction is so short that it can be described as a contact interaction. The solutions to this equation may therefore be regarded as describing, in the contact interaction limit, the solutions of a linear equation for a pair of identically distributed particles. Notice that the resulting equation is non linear equation for each member of the pair, but it is the pair structure that is relevant.
If the constant C in front of the non-linear term is the scattering length, passing from attractive to repulsive forces can be done e.g modulating a zero energy resonance (we have seen that the formalism of point interaction for N ≥ 3 applies also to the case in which there are zero energy resonances).
The dominant structure is still the interaction between pairs of particles but the properties of the gas change. One refers to this transition as transition from B.E.C (Bose Einstein condensation) to B.C.S. (Bardeen, Cooper, Schrieffer) condensate of pairs.
Conclusions
We have proved that for a Schrödinger system of three or more particles contact interactions are self-adjoint operators which are constructed considering a natural extensions of H 0 a symmetric operator defined on functions with support away from coincidence planes s Γ i,j (defined by x i = x j ). These operators are limits, in the strong resolvent sense, of Schrödinger hamiltonians with two-body potentials with smaller and smaller support and constant L 1 norm; they may have zero-energy resonances. The negative (point ) spectrum of the Hamiltonian for contact interactions is completely determined by the structure of the three-body and four-body subsystems. The energies of the bound states are lower if there are two-body resonances. Functions in the domain of the contact hamiltonian (except bound states) satisfy B-P boundary conditions at Γ i,j . An Efimov effect may be present in the three or four body channels. An interesting question that remains open is a more detailed analysis of the role the matrix B of the magnetic terms in originating bound states. These terms are called magnetic term since in the approximating potential they depending linearly on the velocity.
Remark
Since the only contributions the negative part of the spectrum can be derived from the three body and four body subsets, it may be interesting to consider general N-body structure for contact interaction of spin 1 2 fermions. We have seen the four body contribution has two terms; one is a three body term, the other is the sum of a negative three-body term and a positive "two-pairs" contribution. The latter compensates in part the negative one so that if the matrix B is zero the "kinetic contribution" makes the system stable. As N increases there are more and more of these terms.
The sum is always positive (the system is stable) but the number of negative and positive contributions increases without bound with N. Different contributions correspond to conspiracies between different two-body resonances and they are localized in different regions of configuration space. They have different signs and the total contributions to the energy is dominated by the contribution from the kinetic energy. If not aware of this compensation , one may be led to see the need of a renormalization of the negative part.
If moreover one wants to consider the case in which the positions of some other particles can be regarded as fixed one is led to assume that these particles are very massive. Consider an N + 1 particle systems in which particle A has mass ǫ f rac32 and the remaining N particles B 1 , ..B N have mass ǫ ) , V (x) ∈ L 1 (R 3 ) that may admits a zero energy resonance. The dynamics is uniquely defined for arbitrary small values of ǫ. Particles B i can be considered motionless, i.e located at fixed points y n . In this approximation and on the new time scale the Schrödinger equation reads
In the absence of zero energy resonances the dynamics converges in the limit ǫ → 0 to free motion. If a zero energy resonance is present, in the limit ǫ → 0 and in the new time scale the dynamics is given the Schödinger equation for a particle of unit mass under point interaction with N centers fixed at the point y 1 , . . . y N . Therefore point interaction with fixed centers can be regarded as an approximation to the asymptotic (in time) dynamics of a particle of very small mass interacting with particles of large mass through a potential of very short range that gives rise to a zero energy resonance. Notice that after a time of order the motion is almost free (ballistic) if the two-body potentials have no zero energy resonance and is described by a point interactions if there is a zero energy resonance. This justifies the mapping properties of the Wave Operator for point interaction [D] .
